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$-\triangle P=f$ $in$ $\mathbb{R}^{2}$ (1.1)
. .
$|\nabla P|arrow 0$ as $|x|arrow\infty$ , $P(O)=0$ , (1.2)
$\nabla P\in L^{\infty}(\mathbb{R}^{2})$ . (1.3)
, $n$ 3 (1.1)
. (1.1) $P$ Fourier
Newton
$P(x)= \mathcal{F}^{-1}[\frac{1}{|\xi|^{2}}\mathcal{F}f(\xi)](x)$ (1.4)
$= \frac{1}{n(n-2)\omega_{n}}(|x|^{2-n}*f)(x)$ , $(1\ovalbox{\tt\small REJECT}$
. $\omega_{n}$ $\mathbb{R}^{n}$
. , (1.1) $\mathbb{R}^{n}$
$Parrow 0$ as $|x|arrow\infty$ , $P\in L^{\infty}(\mathbb{R}^{n})$ . (1.6)
. f $($ $f\in S(\mathbb{R}^{n}))$
, (1.4) (1.5) (1.6) . $P$
Liouville .
2 , (1.4) .
, $|\xi|^{-2}$ ( )
. $\xiarrow 0$ $\mathcal{F}f(\xi)=O(|\xi|)$ $f$
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$($ 1.4) . ,
:
$2 \pi \mathcal{F}f(0)=\int_{\mathbb{R}^{2}}f(x)dx=0$ . (1.7)
. ,
$f\geq 0$ . $f$
. , (1.7)
, $f\equiv 0$ .















. , (1.6) $(1.2)-(1.3)$
. [2] .
, $m,$ $r>0$ Poisson
$\{\begin{array}{l}-\triangle Q_{m}+mQ_{m}=f, in \mathbb{R}^{2}Q_{m}arrow 0 as |x|arrow\infty, Q_{m}\in L^{\infty}(\mathbb{R}^{2})\end{array}$ (19)
, $r$ $B_{r}:=\{(x, y)|x^{2}+y^{2}<1\}$
Dirichlet
$\{\begin{array}{l}-\triangle R_{r}=f, in B_{r}R_{\eta}=0, on \partial B_{r}\end{array}$ (1.10)





. , $p<2$ $p^{*}=2p/(2-p)$
. $p^{*}$ $p$ , $1^{*}=2$ .
, BMO
BMO$(\mathbb{R}^{2})=\{f\in L_{1oc}^{1}(\mathbb{R}^{2}) I 11 f\Vert_{BMO(\mathbb{R}^{2})}<\infty\}$ ,
$\Vert f\Vert_{BMO(\mathbb{R}^{2})}=\sup_{B:ba11in\mathbb{R}^{2}}\inf_{c\in \mathbb{R}}\frac{1}{|B|}\int_{B}|f(x)-c|dx$
. BMO , [5, 8] .
2.1 ([2]). $Po\in(1,2)$ $f\in L^{p0}(\mathbb{R}^{2})$ ,
$P(x)=- \frac{1}{2\pi}\int_{\mathbb{R}^{2}}(\log\frac{|x-y|}{|y|})f(y)dy$ (2.1)
$x\in \mathbb{R}^{2}$ , (1.2) . $P$
$\nabla P(x)=-\frac{1}{2\pi}\int_{\mathbb{R}^{2}}\frac{x-y}{|x-y|^{2}}f(y)dy\in L^{p_{0}^{*}}(\mathbb{R}^{2})$ (2.2)
$\varphi\in S(\mathbb{R}^{2})$ $\langle\nabla P,$ $\nabla\varphi\}=\langle f,$ $\varphi\rangle$ .
$\bullet$ $f\in L^{1}(\mathbb{R}^{2})$ $P\in$ BMO$(\mathbb{R}^{2})$ , $C$




$\bullet$ $f\in L^{p_{0}}(\mathbb{R}^{2})$ $f$ , $q_{0}>2$
$\nabla f\in L^{q0}(\mathbb{R}^{2})$ , $P$ $C^{2}(\mathbb{R}^{2})$
$(1.2)-(1.3)$ (1.1) . , $P$ $\nabla P\in$
$L^{r}(\mathbb{R}^{2})\forall r\in[p_{0}^{*}, \infty],$ $\nabla^{2}P\in L^{P}(\mathbb{R}^{2})\forall p\in[p_{0}, \infty],$ $\nabla^{3}P\in L^{q_{0}}(\mathbb{R}^{2})$
.
2.2. $\nabla(-\triangle)^{-1}:=\mathcal{F}^{-1}i\xi/|\xi|^{2}\mathcal{F}$ $p0\in(1,2)$
$L^{p_{0}}(\mathbb{R}^{2})$ $L^{p_{0}^{*}}(\mathbb{R}^{2})$ . , (18) (2.1)
$f\in L^{p_{0}}(\mathbb{R}^{2}),$ $p_{0}\in(1,2)$ .
(2.1) $F$ (1.8) “ ” .
, Newton $(2\pi)^{-1}$ $(\log |x|*f)$
( 24 ).
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23. $\nabla P\not\in L^{2}(\mathbb{R}^{2})$ , $\nabla P\in L^{2}(\mathbb{R}^{2})$ $f$




Proof. 1 . , $\log|x|\in L_{1oc}^{p}(\mathbb{R}^{2})$ $1\leq P<\infty$
, $|y|arrow\infty$ $\log(|x-y|’|y|)=O(|y|^{-1})$
. , $x\in \mathbb{R}^{2}$
$\log(|x-y|/|y|)\in L_{y}^{po/(p0-1)}(\mathbb{R}^{2})$ , H\"older
$f\in L^{p0}(\mathbb{R}^{2})$ $P$ . $P$ (2.2)
. Hardy-Littlewood-Sobolev
, (2.2) $f\in L^{p0}(\mathbb{R}^{2})$ , $L^{p_{0}^{*}}(\mathbb{R}^{2})$
. (1.2) .
$\mathcal{F}(x/|x|^{2})=-i\xi/|\xi|^{2}$ $\nabla P=\mathcal{F}^{-1}[(i\xi’|\xi|^{2})\mathcal{F}f]$ (1.1)
.
2 . , $f\in L^{1}(\mathbb{R}^{2})$ (2.3) (2.4)
. (2.3) . $B=B(x_{0}, r)$ $\mathbb{R}^{2}$ . $x\in B$
$P$ 3 :
$P_{1}(x)=- \frac{1}{2\pi}\int_{\mathbb{R}^{2}\backslash B(x0,2r)}\log\frac{|x-y|}{|y|}f(y)dy$ ,
$P_{2}(x)=- \frac{1}{2\pi}\int_{B(x0,2r)}(\log|x-y|)f(y)dy$ ,
$P_{3}= \frac{1}{2\pi}\int_{B(x0,2r)}(\log|y|)f(y)dy$ .
, $P_{i}$ $B$ , $P(x)=P_{1}(x)+P_{2}(x)+P_{3}$
. $P_{3}$ . $c_{1},$ $c_{2}$












, $\sup_{\rho,\rho\geq 2r}\log(\rho/(\rho-r))=\log 2$
,
$I_{1} \leq\frac{\log 2}{2\pi}\Vert f\Vert_{L^{1}}|B(x_{0}, r)|$ .
. , $I_{2}$
$I_{2} \leq\frac{1}{2\pi}\int_{B(x0,2r)}(\int_{B(x0,r)}|\log\frac{\sqrt{2}|x-y|}{3r}|dx)|f(y)|dy$
. $x\in B(x_{0}, r)$ $y\in B(x_{0},2r)$
$x\in B(y,$ $3r)$ ,
$\int_{B(xr)}0)|\log\frac{\sqrt{2}|x-y|}{3r}|dx\leq\int_{B(0,3r)}|\log\frac{\sqrt{2}|x|}{3r}|dx=\frac{9\pi r^{2}}{2}\log 2$
.
$I_{2} \leq\frac{9}{4\pi}(\log 2)\Vert f\Vert_{L^{1}}|B(x_{0}, r)|$
, Il
$\Vert P\Vert_{BMO}\leq\sup_{B:bal1}\frac{1}{|B|}(I_{1}+I_{2})\leq(\frac{11}{4\pi}\log 2$ $\Vert f\Vert_{L^{1}}$
.
(2.4) . $K(x, y):= \log\frac{|x-y|}{\langle y\rangle}$
$K_{1}(x, y;\delta):=1_{\{|x-y|\geq\delta\}}K(x, y)$ , $K_{2}(x, y;\delta)$ $:=1_{\{|x-y|\leq\delta\}}K(x, y)$ ,
. $\langle y\rangle=\sqrt{1+|y|^{2}}$ , $\delta\in(0,1]$
.
$\sup_{y}|K_{1}(x, y;\delta)|\leq\log\langle x\rangle+\log\sqrt{3}+\log\frac{1}{\delta}$ , $\forall x\in \mathbb{R}^{2}$ (2.5)
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. , $x-y=-w$ . $K_{1}$ $w$
$\{|w|\geq\delta\}$ .
$\log\frac{|w|}{\sqrt{1+(|w|+|x|)^{2}}}\leq\log\frac{|w|}{\langle w+x\rangle}\leq\log\frac{|w|}{\sqrt{1+(|w|-|x|)^{2}}}$




$\delta\in(0,1]$ $1\leq 1+(\delta+|x|)^{2}\leq 3(1+|x|^{2})$
. , $\delta\leq|w|\leq|x|+1/|x|$
$|w|$ $|w|\geq|x|+1/|x|$ ,
$|w|arrow\infty$ $0$ . ,
$| \log\frac{|w|}{\sqrt{1+(|w|-|x|)^{2}}}|\leq\max(\log\langle x\rangle,$ $- \log\frac{\delta}{\sqrt{1+(\delta-|x|)^{2}}})$
.
$- \log\frac{\delta}{\sqrt{1+(\delta-|x|)^{2}}}\leq\log$ $\sim$ $+ \log\langle|x|\rangle+\log\frac{1}{\delta}$
(2.5) . (2.5)
$\frac{|\int_{\mathbb{R}^{2}}K_{1}(x,y;\delta)f(y)dy|}{\log\langle x\rangle}\leq\Vert f\Vert_{L^{1}}+\frac{\Vert f\Vert_{L^{1}}(\log\sqrt{3}+\log(1/\delta))}{\log\langle x\rangle}$
. , $|w|\leq\delta\leq 1$ $\langle|x+w|\rangle\leq$ V $\langle x\rangle$




$+ \Vert f\Vert_{L^{p_{0}}}\frac{(\pi\delta^{2})^{\frac{1}{q}}\log\sqrt{3}+||\log|w|\Vert_{L(|w|\leq\delta)}q}{\log\langle x\rangle}$ .
(2.6)
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. , $\delta=(\log\langle x\rangle)^{-1}$ .
(2.5) (2.6) $|x|arrow\infty$
$\frac{|P(x)|}{\log\langle x\rangle}\leq\frac{|\int_{\mathbb{R}^{2}}K_{1}(x,y;(\log\langle x\rangle)^{-1})f(y)dy|}{2\pi\log\langle x\}}$
$+ \frac{|\int_{\mathbb{R}^{2}}K_{2}(x,y;(\log\langle x\rangle)^{-1})f(y)dy|}{2\pi\log\langle x\rangle}+\frac{|\int_{\mathbb{R}^{2}}\log(\Omega)f(y)dy|}{2\pi\log\langle x\rangle}$
$arrow\frac{\Vert f||_{L^{1}}}{2\pi}$
. $\log(\langle y\}/|y|)\in L^{p_{0}’(p0-1)}(\mathbb{R}^{2})$ .
.
3 . . :
$j,$ $k,$ $l\in\{1,2\}$
$\partial_{j}\partial_{k}P=-R_{j}R_{k}f$, $\partial_{j}\partial_{k}\partial_{l}P=-R_{j}R_{k}\partial_{l}f$ ,
$R_{j}$ Riesz $\mathcal{F}^{-1}(i\xi_{j}/|\xi|)\mathcal{F}$ . $1<p<\infty$
Riesz $L^{P}$- ( [4] ) ,
$\partial$kP $\in L^{p}(\mathbb{R}^{2}),$ $\forall p\in[p0, \infty)$ , $\partial_{j}\partial_{k}\partial_{l}P\in L^{q_{O}}(\mathbb{R}^{2})$
. , Gagliardo-Nirenberg $\partial_{k}P\in L^{\infty}(\mathbb{R}^{2})$
. , Hardy-Littlewood-Sobolev , $\nabla P\in$
$L^{r}(\mathbb{R}^{2})$ $r\in[q0, \infty)$ , $\nabla P\in L^{\infty}(\mathbb{R}^{2})$ H\"older
. , $P\in C^{2}(\mathbb{R}^{2})$ .
. $P_{1},$ $P_{2}$ $(1.2)-(1.3)$ (1.1)
. , $w:=P_{1}-P_{2}$ . $\triangle w=0$
, $\partial_{1}w$ $\mathbb{R}^{2}$ .
$\partial_{1}w$ , $\partial_{1}w$ .
$\partial_{1}warrow 0(|x|arrow\infty)$ , $\partial_{1}w\equiv 0$
. $\partial_{2}w\equiv 0$ . , $w$







2 $\frac{1}{2\pi}\log|x|$ Newton ,
$\tilde{P}$ (1.5) 2
.
24. $f$ $p_{0}\in(1,2)$ $f\in L^{p0}(\mathbb{R}^{2})$
$A^{a}$
, $\tilde{P}$ (2.7) . $\tilde{P}(x)$
$x\in \mathbb{R}^{2}$
, $x\in \mathbb{R}^{2}$ ,
$\tilde{P}(x)=P(x)+\tilde{P}(0)$ . $P$ 2. 1 (2.1)
$(1.2)-(1.3)$ (1.1) .
:
$\bullet$ $f\in L^{p0}(\mathbb{R}^{2})$ . $\tilde{P}(x)$ $x_{0}\in \mathbb{R}^{2}$
, $x\in \mathbb{R}^{2}$ .
$\bullet$ $P$




$\tilde{P}$ (23) (24) .
$\bullet$
$f\in L^{p0}(\mathbb{R}^{2})$ $|\tilde{P}(0)|<\infty$ , $\tilde{P}F$ $(1.1)$
$P(O)=\tilde{P}(0)$ $|x|arrow\infty$ $|\nabla P|arrow 0$
.
. $f\in L^{p0}(\mathbb{R}^{2})(p0\in(1,2))$ $x_{1},$ $x_{2}\in \mathbb{R}^{2}$
$- \frac{1}{2\pi}\int_{\mathbb{R}^{2}}(\log\frac{|x_{1}-y|}{|x_{2}-y|})f(y)dy$
.
2.5. $\tilde{P}$ (2.3) [5]








3.1. $f$ $P0\in(1,2)$ $f\in L^{p0}(\mathbb{R}^{2})$ .
$P$ $($ 2.1 $)$ $($ 1.1 $)$ , $Q_{m}$
$\mathcal{F}^{-1}[\frac{1}{|\xi|^{2}+m}\mathcal{F}f](x)$
(1.9) . $m\downarrow 0$ .
$\bullet$ $Q_{m}(x)-Q_{m}(0)$ $P(x)$ .
$\bullet$ $q\in(p_{0}^{*}, \infty]$ , $\nabla Q_{m}$ $\nabla P$ $L^{q}(\mathbb{R}^{2})$ .
$\bullet$ $\nabla Q_{m}$ $\nabla P$ $L^{p_{0}^{*}}(\mathbb{R}^{2})$ .
Proof. $q\in(p_{0}^{*}, \infty]$ $m\downarrow 0$ $\nabla Q_{m}$ $\nabla P$ $L^{q}$
. $Q_{m},$ $P$
$\Vert\nabla Q_{m}-\nabla P\Vert_{Lq}\leq C\Vert\frac{m}{(|\xi|^{2}+m)|\xi|}|\mathcal{F}f|\Vert_{Lq’}$
$\leq C\Vert\frac{m}{(|\xi|^{2}+m)|\xi|}\Vert_{L^{\frac{qp}{q-p}L}}0\Vert f\Vert_{L^{p_{0}}}$
. 1 $<P0<2<p_{0}^{*}<q\leq\infty$ .
$\tilde{p}:=qp_{0}/(q-p_{0})$ , $q$ $P0\leq\tilde{p}<2$ .
,
$\Vert\frac{m}{(|\xi|^{2}+m)|\xi|}\Vert_{L\tilde{p}}=m^{\frac{1}{\tilde{p}}-\frac{1}{2}}\Vert\frac{1}{(|\xi|^{2}+1)|\xi|}\Vert_{L}$
, $\tilde{p}$ . , $m\downarrow 0$
$\Vert\nabla Q_{m}-\nabla P\Vert_{Lq}arrow 0$ .
$\nabla Q_{m}$ $\nabla P$ $L^{p_{0}^{*}}$ . $L^{\infty}$
, $\nabla Q_{m}-\nabla P$ $L^{p_{0}^{*}}$
. ,




. $\mathcal{F}^{-1}(1+|\xi|^{2})^{-1}\mathcal{F}$ $L^{p_{0}^{*}}$ $L^{p_{0}^{*}}$
( [4] ),
$\Vert\nabla Q_{m}-\nabla P\Vert_{L^{p_{0}^{*}}}=m^{-\tau}\overline{p}_{0}1\Vert \mathcal{F}^{-1}[\frac{1}{(|\xi|^{2}+1)}\mathcal{F}[\nabla P(m^{-\frac{1}{2}}\cdot)]]\Vert_{L^{p_{0}^{*}}}$
$\leq c_{m^{\overline{p}_{0}^{F}}}^{-}1\Vert\nabla P(m^{-\frac{1}{2}}\cdot)\Vert_{L^{p_{0}^{*}}}=C\Vert\nabla P\Vert_{L^{p_{0}^{*}}}$
.
$\mathbb{R}^{2}$ $\Omega$ $Q_{m}(x)-Q_{m}(0)$ $P(x)$
$L^{\infty}(\Omega)$ . $r$ $B_{r}$
. $\Omega\subset B_{r0}$ $r_{0}$ . , $P(O)=0$
, $m\downarrow 0$
$\Vert Q_{m}-Q_{m}(0)-P\Vert_{L^{\infty}(\Omega)}=\Vert\int_{0}^{1}x\cdot((\nabla Q_{m}-\nabla P)(rx))dr\Vert_{L^{\infty}(\Omega)}$
$\leq r_{0}\Vert\nabla Q_{m}-\nabla P\Vert_{L^{\infty}}arrow 0$ .
24 .
3.2. $f$ $p_{0}\in(1,2)$ $f\in L^{p0}(\mathbb{R}^{2})$ . $Q_{m}$
$\mathcal{F}^{-1}[(|\xi|^{2}+m)^{-1}\mathcal{F}f]$ (1.9) . $Q_{m}$ (2.7)
Newton $\tilde{P}$ $m\downarrow 0$




(3.1) . $f(x)=e^{-|x|^{2}\prime 2}$ , (3.1)
. , $\mathcal{F}f(\xi)=e^{-|\xi|^{2}\prime 2}$ $\xi=0$
. , (3.1)
.
3.3. $f$ Hardy $\mathcal{H}^{1}$ (3.1) .
3.2 .
3.4. $f\in \mathcal{H}^{1}\cap L^{p0}(1<P0<2)$ $Q_{m}$ $m\downarrow 0$ $\tilde{P}$
.
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3.5. Hardy $\mathcal{H}^{1}$ $f$ (1.7) . ,
$f\geq 0$ $f\in \mathcal{H}^{1}$
$f\equiv 0$ . Hardy [5, 8] .
36. 3.3 , 2 $(-\triangle)^{-1}:=\mathcal{F}^{-1}|\xi|^{-2}\mathcal{F}$
$\mathcal{H}^{1}$
$(-\triangle)_{1\mathcal{H}^{1}}^{-1}$ $(- \frac{1}{2\pi}\log|x|)*$
. , (3.1) $f_{x}(y)$ $:=f(x+y)$ .
, $(-\triangle)^{-1}$ $\mathcal{H}^{1}$ BMO
(2.3) .
, Triebel-Lizorkin
. , $(-\triangle)^{-1}$ : $\mathcal{H}^{1}\simeq\dot{F}_{12}^{0}arrow\dot{F}_{12}^{2}arrow\dot{F}_{\infty 2}^{0}\simeq$ BMO.




(1.10) . (1.10) [1]
.
3.7. $f$ $P0\in(1,2)$ $f\in L^{p0}(\mathbb{R}^{2})$ .
$P$ (2.1) (1.1) ,
$- \frac{1}{2\pi}\int_{B_{r}}f(y)\log\frac{x-y|}{\sqrt{\frac{|x|^{2}|y|^{2}|}{r^{2}}-2xy+r^{2}}}dy$
(1.10) . $\tilde{R}_{r}$ $R_{\eta}$ $\mathbb{R}^{2}$ . $rarrow\infty$
.
$\bullet$ $\tilde{R}_{r}(x)-\tilde{R}_{r}(0)$ $P(x)$ .






$\Omega\subset \mathbb{R}^{2}$ . $r_{0}$ $\Omega\subset B_{r_{0}}$
. $rarrow\infty$ $r\geq 2r_{0}$ . ,
$\sup_{x\in\Omega}|\nabla(P-I_{1})(x)|\leq\sup_{x\in\Omega}C|\int_{\mathbb{R}^{2}\backslash B_{r}}\frac{x-y}{|x-y|^{2}}f(y)dy|$
$\leq C\Vert(|y|-r_{0})^{-1}\Vert_{L^{p}\acute{0}(|y|\geq r)}\Vert f\Vert_{L^{p_{0}}}$
. $P0<2$ $p_{0}’>2$ , $rarrow\infty$
$0$ . $P(O)=I_{1}(0)=0$ , $rarrow\infty$
$\Vert P-I_{1}\Vert_{L^{\infty}(\Omega)}arrow 0$ . ,





, $rarrow\infty$ $\Vert I_{2}\Vert_{L^{\infty}(\Omega)}arrow 0$
. $rarrow\infty$ $(x)-\tilde{R}_{r}(0)$ $P(x)$
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